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A spherical cap radiator is one of the important parts of an underwater wide-beam imaging system. The back
radiation of a traditional spherical cap radiator, which is composed of a vibrating cap and a rigid baffle, is strong and
its far-field directivity function may fluctuate in big amplitude in the vicinity of the polar axis. These shortcomings
complicate the processing of the reflective waves received for imaging the targets. In this study, the back radiation is
weakened by adding an acoustic soft material belt between the vibrating cap and the rigid baffle. And the fluctuation
mentioned above is lowered remarkably by dividing the spherical cap radiator into many annuluses and a relatively
smaller spherical cap, and by controlling the phase retardations of all elements appropriately. Furthermore, the numerical
experiments are carried out by the finite element method (FEM) to prove the validity of the above methods.
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1. Introduction
Digital imaging sonar systems have broad appli-
cations in military and civil fields, such as underwa-
ter obstacle detection and avoidance, structure inspec-
tion and diver detection.[1−3] Three-dimensional (3D)
imaging sonar systems have received plenty of atten-
tion in recent years because they can detect the ob-
jects accurately. Now, most of the 3D digital imag-
ing sonars are multi-beam sonars, for example, the
EchoscopeII made by CodaOctpust Group, Inc. A
sonar array is often employed as the radiator in a 3D
multi-beam imaging sonar system and its control cir-
cuit is complex. Compared with the multi-beam imag-
ing sonar, a wide-beam imaging sonar is easy to design
and its control circuit is simple. Theoretically, a sin-
gle transducer is enough for the wide-beam imaging
sonar. In order to ensure that the transmitting beam
of the sonar is wide enough, the radiator is often arc-
shaped. In this study, a spherical cap radiator is taken
into account.
Morse studied the far-field directivity pattern and
the radiation impedance of the spherical cap radiator
in detail.[4] If the value of ka, where k is the wave
number and a is the radius of sphere, is located in
some range, for example, 20 < ka < 30, the spheri-
cal cap radiator shows two disadvantages: one is that
back radiation is strong and the other is that the di-
rectivity function may fluctuate in big amplitude in
the vicinity of the polar axis. And they may com-
plicate the processing of the reflective wave received
for imaging targets. An acoustic soft material belt is
added between the vibrating cap and the rigid baf-
fle in order to weaken the back radiation. Thus, it
leads to an acoustic problem with mixed boundary
conditions. On the vibrating cap and the rigid baffle
the radial velocity is given, and on the acoustic soft
material belt the pressure is given. Up to now, the an-
alytical solution of the above mixed boundary prob-
lem cannot be obtained. Butler employed a bound-
ary collocation method to study the radiation from
a radially vibrating polar cap mounted on an oth-
erwise soft sphere.[5] Karnovskii and Lozovik studied
the above mixed boundary problem by using the least
mean square error method. However, they presented
no numerical results.[6] Gerding and Thompson[7] ob-
tained the numerical results based on the method pre-
sented by Karnovskii and Lozovik. The addition of
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the acoustic soft material belt is not enough to im-
prove the sound radiation performance of the spher-
ical cap radiator. Something must be done to lower
the big fluctuation of the directivity function in the
vicinity of the polar axis. Inspired by the ultrasonic
phased-array technique,[8] Tang L G and Tang Y Z[9]
put forward the idea of dividing the vibrating spher-
ical cap into many annuluses and a relatively smaller
cap and controlling the phase retardations of all el-
ements appropriately. In this study, the addition of
the acoustic soft material belt and the division of the
vibrating spherical cap are conducted simultaneously.
And the least mean square error method is employed
during the analysis. Theoretical and numerical results
indicate that the sound radiation performance of the
radiator is improved remarkably.
2. Sound radiation of spherical
cap radiator
The directivity function of a uniformly vibrating










































Figures 1 and 2 show the directivity patterns with ka = 20.0 and 30.0 respectively. We can find from Figs. 1
and 2 that the far-field directivity pattern of the spherical cap radiator has three main characteristics when ka
is located in some range, for example, 20 < ka < 30: (a) back radiation is strong; (b) the maximum value of
the directivity function is not always located at θ = 0◦, for example, it is located in the vicinity of θ = 15◦
or 345◦ when ka = 20 and θ = 45◦; (c) the directivity function may fluctuate in big amplitude near the polar
axis, for example, the fluctuation reaches 10dB when ka = 30 and θ = 45◦. Strong back radiation may lower
the excitation efficiency and the back radiating sound reflected from underwater obstacles may interfere with
the useful signal received. The big fluctuation near the polar axis complicates the processing of the reflective
waves received for imaging the targets. Thus, it is necessary to take measures to lower the back radiation and
the fluctuation of the directivity function near the polar axis.
Fig. 1. Directivity patterns for the spherical cap radiator
with ka = 20.0.
Fig. 2. Directivity patterns for the spherical cap radiator
with ka = 30.0.
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[Pl−1(cos θ0)− Pl+1(cos θ0)]2
2l + 1
, (3)
where Sc is the area of the vibrating cap, jl is the
spherical Bessel function of order l, nl is the spheri-
cal Neumann functions of order l, h
(2)
l is the spherical
Hanker function of the second kind of order l, and
Pl−1 is the Legendre polynomial of order l − 1.
Figures 3 and 4 show normalized radiation resis-
tance R/Scρc and radiation reactance X/Scρc each as
a function of ka and θ0 respectively.
Fig. 3. Normalized radiation resistance R/Scρc as a func-
tion of ka and θ0.
Fig. 4. Normalized reactance X/Scρc as a function of ka
and θ0.
It can be found from Fig. 3 that the normalized
radiation resistance increases slowly with ka increas-
ing when 0 < θ0 < 10
◦, but when θ0 > 10
◦, it first
increases sharply with ka increasing, and then it rises
to a higher value of approximately unity. The nor-
malized radiation reactance first increases with ka in-
creasing, then it reaches a maximum, and for higher
ka it diminishes rapidly.
3. Improvement of sound radia-
tion performance
An acoustic soft material belt is sandwiched be-
tween the vibrating cap and the rigid baffle in order
to weaken the back radiation. And it is well known
that the shape and the direction of sound beam can be
controlled by adjusting the retardation and the ampli-
tude of each element of a transducer array. Inspired
by the above idea, in this study it is attempted to di-
vide the vibrating spherical cap into many annuluses
and a relatively smaller spherical cap and to control
the phase retardations of all elements appropriately so
as to lower the big fluctuation of directivity function
near the polar axis.
Figure 5 shows the spherical cap radiator after im-
provement, where the original vibrating cap has been
divided into many annulus and a relatively smaller
cap. All elements vibrate with the same amplitudes
but different phases.
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Fig. 5. Spherical cap radiator after improvement.
The sound field excited by the radiator shown in










jωt, 0 ≤ θ ≤ γ0,
· · ·
v0e
jαiejωt, γi−1 ≤ θ ≤ γi,
· · ·
v0e
jαM−1ejωt, γM−2 ≤ θ ≤ γM−1,
(5)
p|r=a = 0, γM−1 ≤ θ ≤ θs, (6)
and
v|r=a = 0, θs < θ ≤ π, (7)
where αi (i = 1, 2, . . . , M − 1) are retarding phases.
This is a mixed boundary problem and its analytical
solution cannot be derived. The approximate meth-
ods such as the least mean square error method and
boundary collocation method, are often employed to
solve it. In this study, the former method is adopted.
The solution of Eq. (4) under the boundary conditions







where the term ejωt is omitted. According to the least
mean square error method, the infinite series in Eq. (8)
is truncated to a finite number of terms, say N , then
the N unknown coefficients An (n = 0, 1, . . . , N − 1)
can be determined by requiring the mean square er-
ror, i.e. the integral, over the boundary surface, of
the square of the absolute value of the difference be-
tween the assumed solution at the boundary and the
solution prescribed by the boundary condition, to be



















































where βi, χ and λ are the numerical weighting factors, h
′
n denotes the derivative of hn and the superscript (2)
on the spherical Hankel function has been omitted. To minimize G, we set its derivative with respect to each
of the N coefficients to be zero, i.e.
∂G
∂An
= 0, n = 0, 1, 2, . . . , N − 1. (10)
It should be noted that Eq. (10) has the form of N complex linear algebraic equations in the N unknown



















































Pm sin θdθ, (m = 0, 1, 2, . . . , N − 1) (11)
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Pm sin θdθ, (m = 0, 1, 2, . . . , N − 1), (12)
where α0 = 0 and γ−1 = 0. Solving Eq. (12), we
obtain the values of An (n = 0, 1, . . . , N − 1). Sub-
stituting them into Eq. (8), we have the approximate
expression of the pressure p. The directivity function












Apparently, the relation between the directivity func-
tion D2(θ) and γi (i = 0, 1, 2, . . . ,M − 1) or retarding
phases αi (i = 0, 1, 2, . . . ,M − 1) is very complex.
Thus, a lot of numerical experiments have been done
in order to gain satisfactory results.
Considering the improvement of the spherical cap
radiator with ka = 20.0 and θ = 45◦, we divide
the vibrating cap into four annuluses and a relatively
smaller cap, and the corresponding γi and αi are listed
in Table 1.
Table 1. γi and αi corresponding to the spherical cap
radiator with ka = 20.0 and θ = 45◦.
i 0 1 2 3 4
γi 27
◦ 31.5◦ 36◦ 40.5◦ 45◦
αi 0 0.006π 0.028π 0.107π 0.349π
The directivity patterns can be obtained through
numerical computation based on Eqs. (12) and (13).
Figure 6 shows the directivity patterns of the spher-
ical cap radiator with ka = 20.0 and θ = 45◦ before
and after improvements, where curve 1 is for the di-
rectivity pattern before improvement, curve 2 is for
the directivity pattern after division but no acoustic
soft material is added, curves 3–5 are for the direc-
tivity patterns after division and adding acoustic soft
material, and the values of acoustic soft material belt
angle θs corresponding to curves 3–5 are 60
◦, 90◦ and
135◦, respectively. Since the patterns are symmetric
about the 0◦−180◦ axis, for each pattern, only half of
it is plotted. Comparing curve 2 with curve 1, we can
find that the big fluctuation of the directivity func-
tion near the polar axis is weakened much after the
division and the phase retardation have been intro-
duced. Comparing curves 3–5 with curves 1 and 2,
we know that the back radiation is lowered after the
acoustic soft material belt has been added. And we
can find from curves 3–5 that the thicker the acous-
tic soft material belt is, the weaker the back radiation
will be, but the back radiation does not show distinct
continuous decrease when θs is greater than 90
◦.
Fig. 6. Directivity patterns of the spherical cap radiator with
ka = 20.0 and θ = 45◦ before and after improvements, where
curve 1 is for the directivity pattern before improvement, curve
2 is for the directivity pattern after division but no acoustic
soft material belt is added, curves 3–5 are for the directivity
patterns after division and adding acoustic soft material belt,
and the values of acoustic soft material belt angle θs corre-
sponding to curves 3–5 are 60◦, 90◦ and 135◦, respectively.
Considering the improvement of the spherical cap
radiator with ka = 30.0 and θ = 45◦, we divide it into
five annuluses and a relatively small cap, and the cor-
responding γi and αi are listed in Table 2.
Table 2. γi and αi corresponding to the spherical
cap radiator with ka = 30.0 and θ = 45◦.
i 0 1 2 3 4 5
γi 7.5
◦ 15◦ 22.5◦ 30◦ 37.5◦ 45◦
αi 0 0.1π 0.2π 0.3π 0.4π 0.5π
Figure 7 shows the directivity patterns of the
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spherical cap radiator with ka = 30.0 and θ = 45◦ be-
fore and after improvements, where curve 1 is for the
directivity pattern before improvement, curve 2 is for
the directivity pattern after division but no acoustic
soft material is added, curves 3–5 are for the direc-
tivity pattern after division and adding acoustic soft
material, and the values of acoustic soft material belt
angle θs corresponding to curves 3–5 are 60
◦, 90◦ and
135◦, respectively. We can find from Fig. 7 that the
back radiation is weakened after the acoustic soft ma-
terial belt has been added, and the big fluctuation of
the direct function near the polar axis is lowered af-
ter the division and the phase retardation have been
introduced.
Fig. 7. Directivity patterns of the spherical cap radiator with
ka = 30.0 and θ = 45◦ before and after improvements, where
curve 1 is for the directivity pattern before improvement, curve
2 is for the directivity pattern after division but no acoustic
soft material belt is added, curves 3–5 are for the directivity
pattern after division and adding acoustic soft material belt,
and the values of acoustic soft material belt angle θs corre-
sponding to curves 3–5 are 60◦, 90◦ and 135◦, respectively.
4. Numerical experiment
In this section, numerical experiment is carried
out to investigate the validity of the above method
of improving the sound radiation performance of the
spherical cap radiator. The general purpose commer-
cial finite element software called Abaqus is used, and
the implicit algorism is also employed. Figure 8 shows
the axisymmetric finite element model used for the
simulation. The radius of the cap, i.e. a in Fig. 8,
is 0.4775 m, and the r in Fig. 8 equals 10a. The
harmonic frequency of the radiator is 10.0 kHz. The
density of the water is 1000 kg/m3, and the acoustic
velocity in it is 1500 m/s. Obviously, the value of ka
is about 20.0. The θ of the cap is 45◦. The employed
division and phase retardation are listed in Table 1.
Fig. 8. Axisymmetric finite element model used for the
simulation.
Figure 9 is for the simulated results by the finite
element method. The curve 1 is for the directivity
pattern before improvement while the curve 2 is the
directivity pattern after division and adding acous-
tic soft material belt. The acoustic soft material belt
angle θs corresponding to curve 2 is 90
◦. Compar-
ing curve 2 with curve 1, we can find that the back
radiation is weakened and the fluctuation of the far-
field directivity function near the polar axis is lowered
remarkably after improvement. They are consistent
with the results obtained in Section 3.
Fig. 9. Directivity patterns of the spherical cap radiator with
ka = 30.0 and θ = 45◦, simulated by the finite element method
(FEM), where curve 1 is the directivity pattern before im-
provement, curve 2 is the directivity pattern after division
and adding acoustic soft material belt, and the acoustic soft
material belt angle θs corresponding to curve 2 is 90◦.
5. Conclusion
From both the theoretical and the numerical re-
sults above we know that the traditional spherical cap
radiator has strong back radiation and its directivity
function may fluctuate in big amplitude near the polar
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axis. These shortcomings complicate the processing of
the reflective waves received for imaging the targets.
Two measures are taken to improve the sound radia-
tion performance of the spherical cap radiator. One
is to add an acoustic soft material belt between the
vibrating cap and the rigid baffle, and the other is to
divide the spherical cap radiator into many annuluses
and a relatively small spherical cap and to control the
phase retardations of all elements. The former is used
to weaken the back radiation while the latter is used
to lower the fluctuation of the directivity pattern near
the polar axis. Actually, the division turns the sin-
gle spherical cap radiator into an array, but its struc-
ture is still simpler than that of a multi-beam sonar.
Note that the relation between the directivity func-
tion and the division mode or the retarding phases is
very complex. And the optimization of the parameters
corresponding to the division and phase retardation is
based on a mass of numerical experiments.
Appendix A





































































































































































































PmPn sin θdθ + |Am|2 |hm|2
∫ b
a

















PmPn sin θdθ + 2Re (Am) |hm|2
∫ b
a
P 2m sin θdθ
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∫ b
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PmPn sin θdθ. (A2)
























PmPn sin θdθ. (A3)









































Pm sin θdθ. (A5)































































Pm sin θdθ, (m = 0, 1, 2, . . . , N − 1). (A6)































































Pm sin θdθ, (m = 0, 1, 2, . . . , N − 1). (A7)



















































Pm sin θdθ (m = 0, 1, 2, . . . , N − 1). (A8)
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Equation (A8) is just Eq. (15) in Section 3.
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